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Abstract

Starting from a spectral problem, we derive a hierarchy of nonlinear evolution
equations. An explicit and universal Darboux transformation for the whole
hierarchy is constructed. The exact solutions for the hierarchy are obtained by
applying the Darboux transformation.

PACS numbers: 05.45.Yv, 02.30.Jr

1. Introduction

The investigation of the exact solutions of nonlinear evolution equations plays an important role
in the study of nonlinear physical phenomena. For example, the wave phenomena observed in
fluid dynamics, plasma and elastic media are often modelled by the bell-shaped sech solutions
and the kink-shaped tanh solutions. The exact solutions, if available, of those nonlinear
equations facilitate the verification of numerical solvers and aids in the stability analysis of
solutions. In the past few decades, there has been significant progress in the development
of various methods. Among them, the Darboux transformation is a powerful method to get
exact solutions of nonlinear partial differential equations. The key for constructing Darboux
transformation is to expose kinds of covariant properties that the corresponding spectral
problems possess. There have been many tricks to do this for getting explicit solutions
to various soliton equations, including the KdV equation, KP equation, Davey—Stewartson
equation, Yang—Mills flows, etc [1-8].

In this paper, we are interested in the Darboux transformation and exact solutions of a
equation hierarchy associated with the following spectral problem:
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which was first introduced by Cao and Geng in [9], where they considered a particular case of
the above spectral problem and showed that the associated involutive systems were generated
from a confocal generator. Yan considered a more general case of the above spectral problem
and showed that the eigenvalue problem was nonlinearized as a finite-dimensional completely
integrable Hamiltonian system under the Bargmann constraint between the potentials and the
eigenvalue functions [10].

The outline of our present paper is as follows. In section 2, we derive the equation
hierarchy associated with the spectral problem (1.1). In section 3, we construct Darboux
transformation for the hierarchy. In section 4, we construct exact solutions for the equation
hierarchy by using its Darboux transformation.

2. The soliton hierarchy

In order to derive the isospectral hierarchy associated with (1.1), we consider the stationary
zero-curvature equation

V, =[U, VI, V:<ba b+c> @.1)

—C —da

with

—2j-1 —2j-1 _2j
61:2 azj A~ b=§ byj A7, C=E cjA",

Jj=20 Jj=20 Jj=0
which gives rise to the following recurrence relations:
Wjr = _%b2j—1x +qcaj — %(42 +ray;_y,
byjs1 = 2arj 1. +reaj — 2 + )by, (2.2)
Crjx =2qbrjy1 — 2razjyg.

Then from (2.2), we further obtain the following recursive formula:
azj+1 azj—1 .
:L s :],2,..., 23
(o) =+ Gon)- @
where

I g~ 'qd +qd7'r(g* +r?) — %(q2 +r?) —qd 7 'q(g* +1r?) — %8 +q37'rd
rd lr(g> +r?) + %8 +rd"'qd rd~lrd —rdalgg® +r?) — %(q2 +7%)
In order to derive the isospectral hierarchy associated with (1.1), we consider the auxiliary
problem

n

Ui, = VOP = [ Y (Mo 20M 4 Ny a2 4 Ny | 24)
j=0
where
a1 baja ) ( 0 C2j>
My = , Ny = .
St (b2j+l —azj 2 —c; 0

The compatibility condition between (1.1) and (2.4) yields the zero-curvature equation

U, —V"»+[U,v™] =0, (2.5)

which is equivalent to the following hierarchy:

(‘Zzn) _ <a2n+1x - (6122 +r22)b2n+1 + 2"62n+2> ’ n>0. 2.6)
ry, b2n+lx + (6] +r )b2n+l - 2q62n+2

n
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Further we choose a; = ¢,b; = r,co = 1. From (2.3) we can easily prove that
Wjrilg.r=0,0 = brjrilg.rn=00 = 0 (1 < j < n). We also need to use the condition
2jlgn=00 = 0 (1 < j < n+1) to select the integration constant to be zero. Then
a1, brjs1 (1 < j < n),cz;(1 < j < n+1)canbe uniquely determined by (2.3).

A direct calculation gives

o =3(q"+1r7), as = —3rs, by = 1q..

cs=3(rqe —qre) — 5(q° +r%)%,

as = —iqm — %q(qrx —rqy) — %q(q2 +r2)2 + irx(q2 + rz), 2.7
bs = —4re — 3r(qre — rqy) — §1(q> + 1) = 1q. (¢ + 1),

Typical nonlinear systems (n = 1) in the hierarchy are
Gn = —3r —r(gry —rq) — 1r(@® +rH* = 1a.(@* + 1Y),
i = 3qxx +q(qre — rqy) + 1q(q7 + 17 = Lri(q? + 1),

which are a new system of generalized derivative nonlinear Schrodinger equations (GDNS).
If we take ¢ = Im(¥), r = Re(¥/), then (2.8) reduces to

Wy = 20 — iV + v Im(pyd) + 2y ly ),

which is the general form of the derivative nonlinear Schrodinger equation [11].

(2.8)

3. Darboux transformation

In this section, we will construct a Darboux transformation for the hierarchy (2.6). The
Darboux transformation is actually a special gauge transformation

~

v =Ty 3.

of the Lax pairs (1.1) and (2.4). It is required that 1; also satisfies Lax pairs (1.1) and (2.4)
with some U and V™ i.e.

Ve = U, U= (T, +TUT", 3.2)
U =VOy, VO = (T, + TV™)T~", (3.3)

By cross differentiating (3.2) and (3.3), we get
U —-V®+[0, VPl =T(U, - V" +[U, VONT, (3.4)

which imply that in order to make system (2.6) invariant under the gauge transformation (3.1),

we should require U, V™ have the same forms as U, V® respectively. At the same time the

old potentials ¢,  in U, V™ will be mapped into new potentials g, 7 in U, V™. This process

can be iterated, and usually it yields a sequence of exact solutions for system (2.6). Following

the idea of [2], we can construct the Darboux transformation for the equation hierarchy (2.6).
We define that

0 5+ q r 0 1
_ 2 _ _
o= (—%(q2+r2) 0 > b= <r -q )’ 2= o)

Then U can written as

U = Uy+Ur+ Us)>. (3.5)
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Leth = (hy, h2)" be a solution of spectral problem (1.1) and (2.4) when A = Ao (A9 # 0);

then it is easy to see that A~ = (ha, —h;)7 is also a solution of the spectral problem (1.1) and
(2.4) when A = —X(. We construct a new matrix
H = (h,h").

By using (1.1) and (2.4), we can get that
H, = UyH + U HA + U,HA?,

n

H, = 3 (Mayjut HRX D 4 Ny HAX W) 4 Ny o H, G0
j=0

where

A= 0.

0 —Xo
We construct the Darboux matrix
T =M+S, 3.7)

where

S=—HAH™!

_ U (=h(hi=h3)  —2kohih:
hi+h3 \ —2hohihy )»o(h% - h%)

_(« P
(5 7). o

Substituting (3.7) into (3.2), we can get that
U = U+ U+ Us)2, (3.9)

where (70, U, and U, are determined by the following equations:

62=U2, [71=U1+SU2—[72S, (3.10)
&0=U0+SU1—[71S, ﬁQSZSX+SU0. .

With the help of the first equation of (3.6), we can prove that the third equation of (3.10) is
equivalent to the fourth one if the first two equations of (3.10) hold.
Substituting (3.7) into (3.3), we can get that

n
VO = (M 22070 4 Nyja20=2) 4 Ny, (3.11)
j=0

where A~42 s ﬁz j and ]~V2n+2 are determined by the following equations:

No = No,
13/12]41 = Mj + SNy — X/ijS, | 3.12)
Nojio = Npjuo + SMyj1 — Mpjy1 S, I<j<n

Noyss = Nopio + SMopg — Mouii S.

Next we will prove that U and V™ have the same forms as U and V™ after some
transformations, respectively.



Darboux transformation and exact solutions for a hierarchy of nonlinear evolution equations 4173

Proposition 1. The matrix U determined by (3.9) has the same form as U, that is,
l7 = 17()+ [71)»-1- l72)u2

0 l(a2+7’2)> (5 [ ) (o 1)
_ 2 S R Ve (3.13)
1 ;
<— 5@ +7) 0 Fo—q -1 0
where the transformations between q, r and q, 7 are given by

q=q—2B, F=r+2a, (3.14)

where a, B are determined by (3.8). The transformation (\r,q,r) — (17/, q,7) is called a
Darboux transformation of the spectral problem (1.1).

Proof. From (3.10), we obtain that

~ 0 1
U2=U2=(_1 0>,

61=U1+SU2—I’725
(9 T a B 0 1 0 1 a B
_r—q)+ﬂ—ot —10_—10)/3—01
_(qa-28 r+2a )\ q T
_<r+2a —q+2,3>_<7 —5)
ﬁOZUo+SU1—&1S
B 0 %(q2+r2)>+ a B \(a
C\—3@?+rh 0 po—a)\r —q

q—2 r+2u oa B
B <r+2a —q+2,3> (ﬂ —a)

_ 0 2> +r?) +2ar — 2Bq + 20 + 282
T \—2(@?+r?) = 2ar +2Bg — 20> — 287 0

_ 0 3l(@ =28)" + (r +20)%]

- \3l@ =287+ (r+20)°) 0

_ 0 2@ +7)
—@+7™ 0 )

So we get that the transformation (3.14) holds and U has the same form as U. The proof is
completed. ]

Next we will prove that V™ also has the same form as V® under the transformations
(3.1) and (3.14).

Proposition 2. The matrix V® determined by (3.11) has the same form as V™ under the
transformations (3.1) and (3.14).

Proof. Because V™ can be expressed as

n
VO =3 (Mo a4 Nyph20 %) 4 Nojaa,
Jj=0

we only need to prove that A~/12j+1, 0<j<n,and ﬁz_i’ 0 < j < n+ 1, have the same forms
as M, and N; under the transformation (3.1) and (3.14), respectively.
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From (3.12), we get that

ﬁ0=N0=<_()CO ‘(’f):(_ol é):(_ONO COO) (3.15)
My, = My + SNo — NoS
=G 2) G 2 0)- (G a)G %)
ro—q B —a)\-1 0 -1 0/\B —«
b

_(q9—28 r+2a 1
_<r+2a —q +2B >’ (3.16)

N———"
Il
N
)
|
LY

where
To=1, L=7, b =F. (3.17)

Thus, we get that Ml and No, respectively, have the same forms as M; and Ny after the
transformations.

Again by using (3.12), (3.15) and (3.16), through some calculations, we obtain that Mg el
(I <j<n)and Ny (1 < j < n+ 1) have the following forms:

~ rjs1 byji ~ 0 T
M) = (Ezj-H _5;“), Nyj = (—zzj 0’>, (3.18)
where
Grjr = arjs1 — Plc2j +C2j),
E2j+1 = byjy1 +a(crj +C25), (3.19)
Gy =coj+albrj +sz—l) — Bazj—1 +azj—1).
Next we only need to prove that a‘zj+1,'52j+1 (1< j<n)andc;(1 < j <n+1)have

the same forms as a, 41, b1 and ¢y}, respectively, after the transformation (3.14).
By using (2.2) and (3.4), we have

U —V®+[0, VOl =T(U - V® +[U, VONT =0, (3.20)
which is equivalent to the following recurrence relations:
(f””) =Z(32“>, i=1,2,..., (3.21)
byjs1 byj—1
where
7_ qo'qo+ g r @+ — 3@ +7) —q07'q@* +7) — 50 +397'70
FOTIFG +7) + 10 + 797150 FOTIFo TG +TH - 3@+ )

and the equations

<5r” ) _ <§2n+1x - (@q* +722;l;2n+1 + 2752n+2) (3.22)
7, bonsix + (@% +T)bopet — 24Consa ) '
From (3.21), we can easily prove that

Wj1lGH=0,0) = sz+1|(§,?):(0,0) =0(0<j<n).
Again by using (3.21), (3.14) and (3.19), we have

QjxlGn=00 = Zzizzjﬂ — 272411 G =00 = 0.
On the other hand,

Crjx = Ox(caj +a(bpjy +Fl;2j71) — Blazj—1 +a2j—1)|GH=0,0)

= 0c(coj +abyj_1 — Basj— |G H=0,0) I<j<n+1l
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Therefore,
©2jlGH=00 = c2j +abyj1 — Barj-1lGnH=00

3.23
_— 629

Note the fact

€2jlg.n=0,0) = b2j-1lg.n=0.00 = a2j-1l(g.n=0.,0 = 0,
so the integral constant f(¢#) must be zero, i.e.

©jlGH=0,0 =0, 1<j<n+1l.
We proved that
Gyjs1, boj (1 < j < n), (1< j<n+l)

satisfy the same equations and the same boundary conditions with asj.1, bsj41, ¢2j, so they
must have the same forms. The proof is completed. ]

From propositions 1 and 2, we get the following theorem.

Theorem 1. The solutions (g, r) of the hierarchy (2.6) are mapped into their new solutions
(¢, 7) under the Darboux transformations (3.1) and (3.14), where ., B are given by (3.8).

4. Applications of Darboux transformations

In this section, we will apply the Darboux transformation (3.14) to construct explicit solutions
of the hierarchy (2.6). As usual we make the Darboux transformation starting from a special
solution of (2.6). We start from ¢ = qo, r = ro, and we choose

k
h® = Y 1<k<N 4.1
- h(zk) ’ X S ) .

as the solutions of the Lax pairs (1.1) and (2.4) when A = X;. Then we could construct a
series of exact solutions of (2.6) as follows.
First, we construct

a0
) _ () (- 1) _ 1
HOY = (nD, p O, A _<0 —M)’

SO = _ O AD D)1
1 (-)\1 (n$" =1 —2nm " )
B0\ oA ORD (2 — k)
a®  gM
= (ﬂm _au))- 4.2)

Then by the use of theorem.l, we can get the new solutions g[1], r[1] of (2.6) from the
following equations:

ql11 = qo — 28", rl1]=ro+2a'". 4.3)
With the help of (3.1), (3.7) and after some calculations, we can get the solutions of Lax pairs
(1.1) and (2.4), when g = g[1], r = r[1] and A = A;. These solutions can be expressed as

TG AGY
7® @) (1) 1 )
—(i) _ h][l] _ 1) h] _ )“1+)"i h] [h vh ]
h[l] =1 -0 =AI1+S5) o= m ® o , “4.4)
2[1] hy ’ hy' [h,R'V]
AV [, RO
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where

(@) 7, (J) (@) 7, (J)
RO + nOh

(WD, h] =
’ )"i + )\j
‘We construct
@ —@- A 0
we—gni. =3 0,
[11> "*[1] ) 0 —Aa
s@ — _H(z)A(Z)(H(Z))*l
—(2)2 (2)2 —(2) -(2)
_ 1 _)‘2(}‘1[1] - h2[1]) _2)‘2h1[1]h2[1]
T 22 22 —2) —(2) —12 =22
hl[l] + h2[1] _2)‘2h1[1]h2[1] )‘2(}11[1] - h2[1])
2 (2)
o
= p . 4.5)
L —

Then we can get the new solutions g[2], r[2] of (2.6) from the following equations:
ql21=q[1] =22, r2]=r[1]1+2a". (4.6)
By a direct calculation, we have the following formulae:

—@2 =22  2xa(h + Ay)?
B + Bty = o g A IO A, ) — 2T, (4.7a)

@ 7@ _ (1 +2)?
o = ThL R
—[n", n"R2, R (R VRS + h P RSY)), (4.7b)

—2 (M +2)?
1ty = [h', h1]2

([hl’ hl]zh(12)h;2) + [hz’ hl]zh(ll)hél)

((h', KPR + (0%, R PRV — 200!, R1[R2, RRSVR). (4.7¢)

So with the help of (4.4), (4.5), (4.7), after taking the Darboux transformation once again, we
can obtain the solution of Lax pairs (1.1) and (2.4) when g = ¢q[2],r = r[2], A = A3,

5(3) —3)

=3 (M2 | o) 11]
hpy = e | = (A1 +SY) —3)
22] 2011

K O, O] [, B
hgl) [h(l), h(l)] [h(l), h(Z)]
(A3 +32) Az + 1) R (W@ hD] [(h®, h®)
DN S TRl R TIC T I TIC I AC)
ACERTICIAU) BETIONACY

h;z) [h®, hD] [h®, K]

(4.8)

If we have done the Darboux transformation N — 1 times and got the solutions of
(2.6) as g[N — 1],r[N — 1], we can express the solutions of Lax pairs (1.1) and (2.4)
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(g =qIN —1],r =r[N — 1], . = Ay) as follows:

th) (A D] o RN (VD)
h(h (D, D] oo [, gD
—(N) (N-1) o . v
—) hl[N—l] hl [h(N 1)’ h(l)] [h(N 1)’ hN 1)]
-y = —(N) = A (V) Ny 1.(1) (N) 3 (N=1) ’ 4.9)
o R R D] [ D)
hh (D, D] oo [, gD
h;N_l) [h(N’I), h(l)] . [h(Nfl)’ h(Nfl)]
where
AN +2)AN +2A2) - Ay +An_1)
N (hD, O] (WD, @] ... [AD, (V=D
[P, RV [h®, h®] ... [hD, pN-D)
[h<N—">, R [h<N—">, G [h<N—1>;h(N—1)]
We construct
(N) __ —(N) —(N)— (N) _ )\.N 0
H™ = (hiy_yp» hiy—yy)- AT = ( 0 —iy)/)’
S(N) — _H(N)A(N)(H(N))—l
(2)2 —(2)2 —(2) —(2)
. 1 —AN (EI[N—I] - hZ[N—l]) _2)‘Nh1[N—l]h2[N—l]
@2 -2 -2 Q) —(1)2 722
hl[N—l] + h2[N—l] _ZANhl[Nflth[Nflj )‘N(hI[Nflj - hlefu)
a®™ g
= <13(N) _a(N))' (4.10)
Then we can get the new solutions g[N], r[N] of (2.6) from the following equations:
qIN1=g[N — 1] - 2™, r[N]=r[N — 11+ 2a™. 4.11)

This process can be iterated and usually it yields a sequence of new solutions.

In the end, we will give a simple example. We will construct the exact solutions for the
hierarchy (2.6). Substituting ¢ = 0, » = 0 into the Lax pairs (1.1) and (2.4), we choose basic
solutions corresponding to A = A} = rietl ie. A% = irl2 as follows:

B — ( c1e” +cre ) (4.12)

—i(c1e? — cre™?)

where 6 = rx +r¥"*2t,n € 4Z*, and ¢y, ¢, are non-zero constants. We construct
01

0 - : 0 -0
HO = (B, p0-y = ae ‘8+ ce 9 —1(61601 —Cze_g‘) AL = A 0 ’
—i(c1e” —cre™)  —(c1e” + cre™™) 0 -\

1 1
SO = _HOAO O = <a( ) M )

B _q®
- 1/2x (cfezel +c%e’261 ) 1/2iA; (cfezal 7656’291 )
c1c2 c1c2

= . (4.13)

1/2ix4 (cfez"l 70327261 ) 1/20 (c] 20201 +c§e’261)

Cc1c2 [919)
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Thus from (3.14), we can get

B 1A (c%eze‘ — c%e’zg‘ )

ql1]=—-28" = :
C1C2
(4.14)
kl(czeze' +cze_29‘)
1] =2aM = -1 2 :
r[1] = 2« oy

If we choose another basic solution corresponding to A = A = el ry # ry as follows:
92 792
cze” — cue
A R (4.15)
—i(c3e™ + c4e™7)

where 6, = r22x + r22”+2t, n € 47, and c3, ¢4 are non-zero constants.

From (4.4), we have

o Eﬁi ] Jacreacze? —gcieacqe tlx Lllchqezgl 02 —pic3eze 1+
hy = E(Zz[)l] - —i(he12eae1 =20 0 cye 1 e  erese +inci crcse )
ci1c2
We construct
o= A= (e )
S@ — _H(Z)A(2)(H(2))—1
C 1 [l R 2R
B R \ =2l e o)

a® g
=</3(2) _O,(z))-

With the help of Maple, we can get another exact solution of system (2.6) from (4.8)

id1 (c2e20 _ (2020
e PRALC Ll S BV}
cie (4.16)
(22 + c2e= 20 '
ri2] = — 1( ! 2 ) +2a(2),
Cc1C

where
a® = [1/2}\.2()\.§C%C§C326292 + 2A2A1c13626364e29‘ + Azzc%cnge*zgz

+ 2)\2A1c1cz3C3C4e’2‘9‘ + k12c14cie49‘ 20 4 )»lzcz“c%e"w] +292)]

X [C1C2()»2261€263C4 + A2K1622C32€292_201 + )\,2)\16‘%04216_2924'201 + )\12C1C2C3C4)]_
gP = [—I/Zikz ()L2C1C2C3€92 — Macicacse % + )»w%a;em 0 _ )L]C%C3€7201+92)

X (Ajcicge”™ 1c5c3€e KC1CaC3€ 2C1CrCh€
)\’ % 291 92_+_)\’ % 3 29]+92+)\’ 3 92+)\' 92

1

X [6162()»22€1C2C3C4 + )\.2)»10226‘326292_291 + Az)\lc%cfe_zeﬁzel + k12c1CZC3C4)]
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